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ABSTRACT. The objective of this paper is to develop neutro- 
sophic quadruple algebraic hyperstructures. Specifically, we develop neu- 
trosophic quadruple semihypergroups, neutrosophic quadruple canonical 
hypergroups and neutrosophic quadruple hyperrings and we present ele- 
mentary properties which characterize them. 
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1. INTRODUCTION 


The concept of neutrosophic quadruple numbers was introduced by Florentin 
Smarandache [18]. It was shown in [18] how arithmetic operations of addition, sub- 
traction, multiplication and scalar multiplication could be performed on the set of 
neutrosophic quadruple numbers. In [1], Akinleye et.al. introduced the notion 
of neutrosophic quadruple algebraic structures. Neutrosophic quadruple rings were 
studied and their basic properties were presented. In the present paper, two hyper- 
operations + and x are defined on the neutrosophic set NQ of quadruple num- 
bers to develop new algebraic hyperstructures which we call neutrosophic quadru- 
ple algebraic hyperstructures. Specifically, it is shown that (NQ, x) is a neutro- 
sophic quadruple semihypergroup, (NQ,+) is a neutrosophic quadruple canonical 
hypergroup and (NQ,+, x) is a neutrosophic quadruple hyperrring and their basic 
properties are presented. 


Definition 1.1 ([18]). A neutrosophic quadruple number is a number of the 
form (a, bT, cI,dF’) where T, I, F have their usual neutrosophic logic meanings and 
a,b,c,d € R or C. The set NQ defined by 


(1.1) NQ = {(a,bT, cI, dF) : a,b,c,d € R or C} 
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is called a neutrosophic set of quadruple numbers. For a neutrosophic quadruple 
number (a, bT,cI,dF) representing any entity which may be a number, an idea, an 
object, etc, a is called the known part and (bT, cI, dF) is called the unknown part. 


Definition 1.2. Let a = (a1,a2T,a3I,a4F),b = (bi, boT,b3I,b4F) € NQ. We 
define the following: 


(1.2) atb = (a, + by, (az + b2)T, (a3 + bs), (a4 + ba) F), 
(1.3) a-b = (a1 — b1, (a2 — b2)T, (a3 — bs)I, (a4 — b4)F). 


Definition 1.3. Let a = (a1, a2T,a3I,a4F) € NQ and let a be any scalar which 
may be real or complex, the scalar product a.a is defined by 


(1.4) a.a = a.(a1, a2T, a3l, a4F’) = (aay, aa2T, aasl, aa4F). 


If a = 0, then we have 0.a = (0,0,0,0) and for any non-zero scalars m and n and 
b= (b1, boT, b3I, b4F), we have: 


(m+n)a = ma+tna, 
m(a+b) = ma+mb, 
mn(a) = m(na), 
-—a = (-a1,—a2T,—a3I,—asF). 


Definition 1.4 ({18]). [Absorbance Law] Let X be a set endowed with a total order 
x < y, named ” x prevailed by y” or ”a less stronger than y” or ”az less preferred 
than y”. x < y is considered as ”x prevailed by or equal to y” or ”x less stronger 
than or equal to y” or ”x less preferred than or equal to y”. 

For any elements x,y € X, with x < y, absorbance law is defined as 


(1.5) x.y = y.x£ = absorb(z, y) = max{z,y} =y 
which means that the bigger element absorbs the smaller element (the big fish eats 
the small fish). It is clear from (1.5) that 
(1.6) g.2 = 2” =absorb(2,rz) = max{z,2}—2 and 
(1:7) 1.0 Ly = Max{r1,%2,--+ Ln}. 
Analogously, if z > y, we say that ”x prevails to y” or ”x is stronger than y” or 


”x is preferred to y”. Also, if x > y, we say that ”x prevails or is equal to y” or "x 
is stronger than or equal to y” or x is preferred or equal to y”. 


Definition 1.5. Consider the set {T,7, Ff}. Suppose in an optimistic way we con- 
sider the prevalence order T > J > F’. Then we have: 


(1.8) TT = df =mexiT,J)=7, 
(1.9) Tr = £P =max{(T,F}—T, 
(1.10) IF = FI=max{I,F}=I, 
(1.11) TT = eT 

(1.12) cf me TPs, 

(ae PP = =P 
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Analogously, suppose in a pessimistic way we consider the prevalence order T’ < 
I< F. Then we have: 


(1.14) WT = if =m pH 
(1.15) TF = FT =max{T,F} =F, 
(1.16) IF = FI=max{I,F}=F, 
(1.17) eS = 
(1.18) Le = 7, 
(1.19) FF = =F 


Except otherwise stated, we will consider only the prevalence order T < I< F 
in this paper. 


Definition 1.6. Let a = (a1, a2T, a3I, a4F), b = (01, boT, b3I, bs F) € NQ. Then 


a.b = (a1, a2T, a3l, aaF’).(b,, beT, b3I, ba F’) 
=> (arby, (ayb2 + ab + agb2)T, (a1b3 + agbs + a3b4 + agb2 + a3b3)I, 
(1.20) (ayb4 + agb4,a3b4 + aby + a4b2 + a4b3 + aab4)F). 


Theorem 1.7 ({1]). (NQ,+) is an abelian group. 
Theorem 1.8 ([1]). (NQ,.) is @ commutative monoid. 
Theorem 1.9 ({1]). (NQ,.) is not a group. 

Theorem 1.10 ({1]). (NQ,+,.) is a commutative ring. 


Definition 1.11. Let NQR be a neutrosophic quadruple ring and let NQS be a 
nonempty subset of NQR. Then NQS is called a neutrosophic quadruple subring of 
NQR, if (NQS, +, .) is itself a neutrosophic quadruple ring. For example, NQR(nZ) 
is a neutrosophic quadruple subring of NQR(Z) for n = 1, 2,3,--- 


Definition 1.12. Let NQJ be a nonempty subset of a neutrosophic quadruple 
ring NQR. NQJ is called a neutrosophic quadruple ideal of NQR, if for all x,y € 
NQJ,r © NQR, the following conditions hold: 

(i) c—yeENQJ, 

(ii) ar € NQJ and ra € NQJ. 


Definition 1.13 ([1]). Let NQR and NQS be two neutrosophic quadruple rings 
and let 6: NQR— NQS be a mapping defined for all x,y € NQR as follows: 


(i) O(a +y) = O(a) + oly), 

(ii) o(zy) = He )o(y), 

(iii) d(7) = T, 6) =I and 6(F) = F, 

(iv) (1,0,0 ae (1,0, 0,0). 

Then ¢ is called a neutrosophic quadruple homomorphism. Neutrosophic quadruple 
monomorphism, endomorphism, isomorphism, and other morphisms can be defined 
in the usual way. 


Definition 1.14. Let 6: NOR —- NQS be a neutrosophic quadruple ring homo- 
morphism. 
31 


A. A. A. Agboola et al. /Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 29-42 


(i) The image of ¢ denoted by Im¢ is defined by the set 
Imd = {y € NQS : y = ¢(2), for some « € NQR}. 
(ii) The kernel of ¢ denoted by Ker¢ is defined by the set 
Kero = {x € NQR: ¢(x) = (0,0,0,0)}. 

Theorem 1.15 ({1]). Let 6: NQR > NQS be a neutrosophic quadruple ring 
homomorphism. Then: 

(1) Imé@ is a neutrosophic quadruple subring of NQS, 

(2) Kerd is not a neutrosophic quadruple ideal of NQR. 


Theorem 1.16 (([1]). Let ¢: NQOR(Z) > NQR(Z)/NQR(nZ) be a mapping defined 
by d(a) = 2+ NQR(nZ) for all x € NQR(Z) and n = 1,2,3,.... Then ¢@ is not a 


neutrosophic quadruple ring homomorphism. 


Definition 1.17. Let H be a non-empty set and let + be a hyperoperation on H. 
The couple (H,+) is called a canonical hypergroup if the following conditions hold: 
i)x+y=y+¢a, forallz,yeH, 
ii) e+ (y+z2z) =(a@+y) +2, for all z,y,z € H, 
iii) there exists a neutral element 0 € H such that «+0 = {x} = 0+ 42, for all 
x é€ dH, 
iv) for every « € H, there exists a unique element —2 € H such that 0 € 
x+(-2)N(-—2)+2, 
v)z€a+y implies y € —a +z anda €z-—y, for all x,y,z € H. 

A nonempty subset A of H is called a subcanonical hypergroup, if A is a canonical 
hypergroup under the same hyperaddition as that of H that is, for every a,b € A, 
a—0bé€A,. If in addition a+ A-—aC A for all a € H, A is said to be normal. 


Definition 1.18. A hyperring is a tripple (R,+,.) satisfying the following axioms: 
(i) (R, +) is a canonical hypergroup, 
(ii) (R,.) is a semihypergroup such that x.0 = 0.2 = 0 for all « € R, that is, 0 is 
a bilaterally absorbing element, 
(iii) for all z,y,z € R, 


u(ytz)=axyt+au.zand (1+y).2=xu.2+ yz. 
That is, the hyperoperation . is distributive over the hyperoperation +. 


Definition 1.19. Let (R,+,.) be a hyperring and let A be a nonempty subset of 
R. A is said to be a subhyperring of R if (A,+,.) is itself a hyperring. 


Definition 1.20. Let A be a subhyperring of a hyperring R. Then 
(i) A is called a left hyperideal of R if r.a C A for allr € R,a€ A, 
(ii) A is called a right hyperideal of R if a.r C A for allr € R,a€ A, 
(iii) A is called a hyperideal of R if A is both left and right hyperideal of R. 


Definition 1.21. Let A be a hyperideal of a hyperring R. A is said to be normal 
in R, ifr +A-—r CA, for allre R. 


For full details about hypergroups, canonical hypergroups, hyperrings, neutro- 
sophic canonical hypergroups and neutrosophic hyperrings, the reader should see 
[3, 14] 
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2. DEVELOPMENT OF NEUTROSOPHIC QUADRUPLE CANONICAL HYPERGROUPS 
AND NEUTROSOPHIC QUADRUPLE HYPERRINGS 


In this section, we develop two neutrosophic hyperquadruple algebraic hyper- 
structures namely neutrosophic quadruple canonical hypergroup and neutrosophic 
quadruple hyperring . In what follows, all neutrosophic quadruple numbers will be 
real neutrosophic quadruple numbers i.e a, b,c,d € R for any neutrosophic quadru- 
ple number (a, 0T,cI,dF) € NQ. 


Definition 2.1. Let + and . be hyperoperations on R that is x+y C R, x.y C R for 
alla, y € R. Let + and x be hyperoperations on NQ. For # = (#1, £2T, 231, 24F),y = 
(M1, yoT, ysl, ysF) € NQ with Li Yi € R,i = 1, 2, 3, 4, define: 


sty = {(a,bT,cl,dF):a€a21+y1,b€ 224+ y2, 
(2.1) ce xt3+y3,d€ 4+ yah, 
xxy = {(a,bT,cl,dF):a€ 21.y1,b € (x1.y2) U (v2.41) U (r2-y2), € € (21-Y3) 
U(x2-y3) U (@3-y1) U (@3-Y2) U (@3-y3), d © (@1-ya) U (@2-Ya) 
(2.2) U(x3-ya) U (@4-y1) U (4-Y2) U (@4-y3) U (@4-Y4)- 


Theorem 2.2. (NQ,+) is a canonical hypergroup. 
Proof. Let z= (Si xT, x3, t4F), i (uy, yal, yal, y4F), a= (21, 2oT, 23f, 24F) € 
NQ be arbitrary with x;,y;, 2; € R,i = 1, 2,3, 4. 

(i) To show that x+y = y+z, let 


tty = {a= (a1, a2T,a3l,a4F) : a, € 21 + y1, 42 € T2 + Yo, a3 € 73 + y3, 
. aq € £4 + ya}, 
yte = {b= (by, boT, b3I, b4F) : by © yr + 1, b2 © Yo + 2, b3 € yg +3, 
b4 € ya + x4}. 


Since a;,b; € R,i = 1,2,3,4, it follows that ety = yta. 
(ii) To show that that a+(y+z) = (a+y)+z, let 
ytz = {w = (wi, wT, w3l, waF) : wy € yt + 21, W2 € yo + 20, 
wz © y3 + 23, Wa © ys + Za}. Now, 


zt(ytz) = xtw 
= {p=(p1,p2T, p3l,paF) : py € £1 + Wi, pe € Lo + We, pz € 3 + Ws, 
pa € 4 + wat} 
= {p= (p1,p2T, p3l,paF) : pi € 1 + (y1 + 21), p2 € 2 + (y2 + 22), 
p3 © £3 + (y3 + 23), pa © Za t+ (ys + 2a)f- 
Also, let ety = {u = (u1,U2T, u3l, uF) : uy € 21 + yi, U2 € 22+ Yyo,U3 € £3 
Yy3, ua © 4 + ys} so that 
(aty)tz = utz 
= {¢=(%,@T, a3!,a4F) 2% € uit 21,42 € U2 + 22, 93 € U3 + 23, 
ga © U4 + za} 
= {q=(%,@T,¢3l,a4F): a € (41 +1) + 21,42 € (42 + yo) + 22, 


q3 € (x3 + y3) + 23,94 € (a4 + ya) + Za}. 
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Since uj, Pi, Gi, Wi, Vi, Yi, 2% € R,i = 1,2, 3,4, it follows that x+(yt+z) = (aty)+<. 
(iii) To show that 0 = (0,0,0,0) € NQ is a neutral element, consider 
xz+(0,0,0,0) = {a= (a1,a2T,a3I,a4F) : ay € 21 +0, a2 € 2+ 0,a3 € £3 +0, 
ag € 4+ 0} 
= {a= (a1, 42T,a3I,a4F) : a, € {21}, a2 € {xo}, a3 € {r3}, 
as € {xa}} 
= {x}. 
Similarly, it can be shown that (0,0,0,0)+a = {x}. Hence 0 = (0,0,0,0) € NQ isa 
neutral element. 


(iv) To show that that for every x € NQ, there exists a unique element —x € NQ 
such that 0 € a+(—a)N (—x)+2, consider 


at+(—a2)N(-2)te = {a= (a1, a2T,a3I,a4F) : a, € 21 — 11,02 € £2 — 2X2, 
a3 € %3 — %3,a4 € eq — 14} {b = (1, baT, bs, bs F) : 
by € —%1 + £1, be £2 + Lo, bs r3 + ©3,b4 v4 + x4} 
= {(0,0,0,0)}. 


This shows that for every x € NQ, there exists a unique element —x € NQ such 
that 0 € e+(—xr)N (=2)+2. 

(v) Since for all x,y,z € NQ with 2;,y1,2; € R,i = 1,2,3,4, it follows that 
z € x+y implies y € -~2+z and x € z+(-y). Hence, (NQ,+) is a canonical 
hypergroup. 


Lemma 2.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. Then 
(1) =(—x) =z for allx € NQ, 
(2) 0 = (0,0,0,0) ts the unique element such that for every x © NQ, there is an 
element —x € NQ such that 0 € x+(—2), 
(3) —0=0, 
(4) =(aty) = —-2-y for all x,y € NQ. 


Example 2.4. Let NQ = {0,x,y} be a neutrosophic quadruple set and let + be a 
hyperoperation on NQ defined in the table below. 


+ | 0 x y 
0/0 x y | 
@ | te] AOpen ||) ae | 
y ly y {0, y} | 


Then (NQ,+) is a neutrosophic quadruple canonical hypergroup. 
Theorem 2.5. (NQ, x) is a semihypergroup. 


Proof. Let x = (41,27, x31,v4F),y = (y1, yoT, ysl, yaF), 2 = (21, 2aT, 231, 24 F) € 
NQ be arbitrary with x;,y;, 2; € R,i = 1, 2,3, 4. 
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rxy = {a@= (41,427, a3l,a4F) : ay € 21y1, a2 © T1Yy2 UT2y1 U L2Y2, a3 € 21Yy3 
Uxey3 Ur3y1 U r3ye U 13Yy3, da © L1y4 U Taya 
Uasy4 U vay1 U tayo U ways U rays} 
cC NQ. 
(ii) To show that «x(yxz) = (a@xy)xz, let 


yxz = {w= (wi, wT, w3l, waF) : wy € y121, We € y122 U yo2t U y222, 
wg © yiz3 U y223 U y321 U y3z2 U y323, Wa © Y124) U Y224 
(2.3) Uysza U ya21 U yaze U yaz3 U ya2at 
so that 
zx(yxz) = £xw 


= {p=(p1,peT, psl, paF) : pi € 1wW1, po € V1 We U Gow U Lowe, 
p3 © £1W3 U Lqw3 U r3W1 Ur3W2 U r3y3, pa © T1W4 U ZQW4 


(2.4) Ur3w4 Ut4w, U @4We Ur4w3 U 24g}. 
Also, let 
exy = f{u=(u1,ueT,usl,usF) : uy € e1y1, U2 € T1y2 U Loy1 U Tayo, uz E 1Y3 
Urey3 Urgyi U gy U t3y3, U4 © 21 Ys U Toya 
(2.5) Uasya U vay1 U tayo U ways U vaya} 
so that 
(gxy)xXz = uxz 


= {q= (0,427,931, q4F) 2m © U121, G2 © U1 22 U U2] U Up2a, 
g3 © U1 23 U U223 U ugz1 U ugZz2 U U3Z23, ga © U1 24 U U2 24 
(2.6) Uugz4 U uaz1 U U4zg U U4z3 U Usza}. 
Substituting w; of (2.3) in (2.4) and also substituting u; of (2.5) in (2.6), where 
i = 1,2,3,4 and since p;, qi, Ui, Wi, Zi, % € R, it follows that rx(yxz) = (x@xy)xz. 
Consequently, (NVQ, x) is a semihypergroup which we call neutrosophic quadruple 
semihypergroup. 


Remark 2.6. (NQ, x) is not a hypergroup. 


Definition 2.7. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. 
For any subset NH of NQ, we define 


“NH ={-a«:2€ NH}. 
A nonempty subset NH of NQ is called a neutrosophic quadruple subcanonical 
hypergroup, if the following conditions hold: 
(i) 0 = (0,0,0,0) € NH, 
(ii) c—y C NA for all x,y € NA. 
A neutrosophic quadruple subcanonical hypergroup NH of a netrosophic quadruple 


canonical hypergroup N@Q is said to be normal, if c+}NH—a« C NH for alla € NQ. 
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Definition 2.8. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. 
For 2; € NQ with i = 1,2,3...,n EN, the heart of N@ denoted by NQ,, is defined 
by 


i=1 
In Example 2.4, NQ, = NQ. 
Definition 2.9. Let (NQ,,+) and (NQz, iy be two neutrosophic quadruple canon- 


ical hypergroups. A mapping ¢: NQ; > NQz is called a neutrosophic quadruple 
strong homomorphism, if the following conditions hold: 


) 
mi o(T) =T, 
) 


(iii) (2) = I, 
(iv) o(F) = F, 
(v) o(0) =0. 


If in addition @¢ is a bijection, then @ is called a neutrosophic quadruple strong 
isomorphism and we write NQ; = NQz. 


Definition 2.10. Let ¢ : NQ; — NQz be a neutrosophic quadruple strong ho- 
momorphism of neutrosophic quadruple canonical hypergroups. Then the set {x € 
NQ1 : o(x) = 0} is called the kernel of ¢ and it is denoted by Kerd. Also, the set 
{¢(x) : x € NQ;} is called the image of ¢ and it is denoted by Im@. 


Theorem 2.11. (NQ,+, x) is a hyperring. 


Proof. That (NQ,+) is a canonical hypergroup follows from Theorem 2.2. Also, 
that (NQ, x) is a semihypergroup follows from Theorem 2.4. 

Next, let = (a1, %2T,a3I,24F) € NQ be arbitrary with 2;,y;,2; € R,i = 
1,2,3,4. Then 


exO = {u= (uy, U2T, ugl,ugF) : uy € 21.0, ug € 21.0 U 22.0 U 22.0, ug € 21.0 
Ux2.0U ©3.0U 3.0 U v3.0, ug € %1.0 U %2.0 U #3.0 U 44.0 U x4.0 
Ux4.0U v4.0} 
= {u=(um,ueT,usl,usF) : ur € {0}, ua € {0}, us € {0}, wa € {O}} 
= {0}. 
Similarly, it can be shown that 0x2 = {0}. Since x is arbitrary, it follows that 
xx0 = 0x2 = {0}, for all e € NQ. Hence, 0 = (0,0,0,0) is a bilaterally absorbing 
element. 
To complete the proof, we have to show that xx(y+z) = (2xy)+(xxz), for all 
x,y,z € NQ. To this end, let « = (x1, 22T,a31,24F),y = (y1, yoT, ysl, ysF), 2 = 
(21, 2aT, 231, 24F') € NQ be arbitrary with x;, y;, 2; € R,i = 1,2,3,4. Let 


ytze = {w= (wi, weT, w3l,waF) : w1 € y+ 21, We € yo + 22, W3 € y3 t+ 23, 


(2.7) wa € ya + 2a} 
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so that 
zx(yt+z) = &xw 
= {p= (pi, peT, pl, paF) : pi € 1W1, po € F1w2 Urqw U r2wa, 
ps3 © £1{W3 U%qw3 Ur3w, Ur3w2g Ur3y3, pa € 11 W4U LoW4 
(2.8) Ur3w4 U t4w, U @4we U r4w3 U £44}. 


Substituting w;,7 = 1,2,3,4 of (2.7) in (2.8), we obtain the following: 


(2.9) pi € t1(y1 + 21), 

(2.10) po € a1 (yo + 22) U te(y1 + 21) Ure(yo + 22), 

(2.11) ps3 € a1(y3 + 23) U vo(y3 + 23) Uag(yi + 21) U 23 (yo + 22) U v3 (y3 + 23), 
pa © £1 (ya + 24) U ta(ya + 24) U23(ys + 24) U ta(yr + 21) U ta(y2 + 22), 

(2.12) Usa(y3 + 23) U va(ya + 24). 


Also, let 
axy = {u= (uy, u2T,ugl,usF) : uy € riyi, U2 € ty Urey U royo, 
ug © ©1y3 U ®oy3 UX3y1 U X3y2 U X3y3, Ua © ©1Y4 U Loy 
(2.13) Uasy4 U vay1 U tayo U vay3 U vays} 
gxz = {v=(v1,v2T,v31, uaF) : vy € 2121, 02 € £122 U £221 U 2222, 
v3 © ©1123 U %223 U 1321 U 4322 U 1323, U4 € 1124 U 1224 
(2.14) Uagz4 U 421 U 422 U 423 U ©1424} 
so that 
(axy)t(2xz) = utv 
= {¢=(H,92T, 31, q4F): qm € U1 + 01,92 € ust v2, 
(2.15) ga € ug + v3, qa € Us + U4}. 


Substituting u; of (2.13) and v; of (2.14) in (2.15), we obtain the following: 

(2.16) gm €utu Cay triz C ri(y1+ 21), 
g2 € U2 + v2 € (@1Yy2 U way1 U @2y2) 
+(11 29 U @221 U 22(z2) 

(2.17) Co ay(yo + 22) U v2(yr + 21) U 22(yo + 22), 
q3 € ug + v3 C (@1y3 U ray3 U x3y1) U r3y2 U %3y3) 
+(2123 U 923 U ©7321) U 0329 U £323) 

(2.18)  C a1(y3 + 23) U ta(ys + 23) Ux3(y1 + 21) Ut3(y2 + 22) U ts (ys + 23). 
da € Ua + U4 © (21 ys U Loy U T3y4) U rays U Tayo) U rays U raya) 
+(a124 U @924 U #324) U t421 U 0422) U 0423 U £424) 
© ai(ya + 24) U to(ya + 24) U eg (ya + 24) Ura(yn + 21) U ra(y2 + 22) 

(2.19)  Uxa(y3 + 23) U va(ys + 24). 

Comparing (2.9), (2.10), (2.11) and (2.12) respectively with (2.16), (2.17), (2.18) 


and (2.19), we obtain p; = qj,i = 1,2,3,4. Hence, xx (y+z) = (x&xy)+(axz), for all 
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x,y,z € NQ. Thus, (NQ,+, x) is a hyperring which we call neutrosophic quadruple 
hyperring. 


Theorem 2.12. (NQ,+,0°) is a Krasner hyperring where o is an ordinary multi- 
plicative binary operation on NQ. 
Definition 2.13. Let (NQ, +, x) be a neutrosophic quadruple hyperring. A nonempty 
subset NJ of NQ is called a neutrosophic quadruple subhyperring of NQ, if (NJ, +, x) 
is itself a neutrosophic quadruple hyperring. 
NJ is called a neutrosophic quadruple hyperideal if the following conditions hold: 
(i) (NJ, +) is a neutrosophic quadruple subcanonical hypergroup. 
(ii) For alla € NJ andr € NQ, xxr,rxa CO NJ. 


A neutrosophic quadruple hyperideal NJ of NQ is said to be normal in NQ, if 
r+NJ—a C NJ, for all x € NQ. 


Definition 2.14. Let (NQ,,4, x) and (NQ», +’, X’) be two neutrosophic quadru- 
ple hyperrings. A mapping ¢@: NQ; — NQz is called a neutrosophic quadruple 
strong homomorphism, if the following conditions hold: 

(vty) = o(x)+'d(y), for all x,y € NQu, 

axy) = ¢(x)x'd(y), for all x,y € NQu, 


(vi) 6(0) =0. 
If in addition ¢ is a bijection, then @ is called a neutrosophic quadruple strong 
isomorphism and we write NQ; = NQoz. 


Definition 2.15. Let 6: NQ; — NQz2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple hyperrings. Then the set {x € NQ, : (x) = 0} 
is called the kernel of ¢ and it is denoted by Kerd. Also, the set {¢(a) : « € NQ,} 
is called the image of ¢ and it is denoted by Im@. 


Example 2.16. Let (NQ,+, x) be a neutrosophic quadruple hyperring and let 
NX be the set of all strong endomorphisms of NQ. If 6 and © are hyperoperations 
defined for all ¢,~% € NX and for all x € NQ as 

oop = {u(z):v(2) € d(z)+¥(2)}, 

GOP = {u(z):v(2) € O(z)x¥(x)}, 
then (NX, ®,©) is a neutrosophic quadruple hyperring. 


3. CHARACTERIZATION OF NEUTROSOPHIC QUADRUPLE CANONICAL 
HYPERGROUPS AND NEUTROSOPHIC HYPERRINGS 


In this section, we present elementary properties which characterize neutrosophic 
quadruple canonical hypergroups and neutrosophic quadruple hyperrings. 


Theorem 3.1. Let NG and NH be neutrosophic quadruple subcanonical hyper- 
groups of a neutrosophic quadruple canonical hypergroup (NQ,+). Then 


(1) NGO NH is a neutrosophic quadruple subcanonical hypergroup of NQ, 
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(2) NG x NH is a neutrosophic quadruple subcanonical hypergroup of NQ. 


Theorem 3.2. Let NH be a neutrosophic quadruple subcanonical hypergroup of a 
neutrosophic quadruple canonical hypergroup (NQ,+). Then 

(1) NHiNH = NH, 

(2) c+NH=NH, for allxe NH. 
Theorem 3.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. 
NQuw, the heart of NQ is a normal neutrosophic quadruple subcanonical hypergroup 
of NQ. 
Theorem 3.4. Let NG and NH be neutrosophic quadruple subcanonical hyper- 
groups of a neutrosophic quadruple canonical hypergroup (NQ, +). 

(1) If NGC NE and NG is normal, then NG is normal. 

(2) If NG is normal, then NG+NH is normal. 


Definition 3.5. Let NG and NH be neutrosophic quadruple subcanonical hy- 
pergroups of a neutrosophic quadruple canonical hypergroup (NQ,+). The set 
NG+NH is defined by 


(3.1) NGiNH =({aty:2€NG,y € NE}. 


It is obvious that NG+NH is a neutrosophic quadruple subcanonical hypergroup 
of (NQ, +). 


If « € NH, the set +N is defined by 
(3.2) t+NH ={a+y:y€ NH}. 


If ~ and y are any two elements of NA and 7 is a relation on NH defined by 
aty if x € y+ NH, it can be shown that 7 is an equivalence relation on NH and the 
equivalence class of any element x € NH determined by 7 is denoted by [2]. 


Lemma 3.6. For any x © NH, we have 
(1) [2] =24.NH, 


(2) [-2] = —[2]. 
Proof. (1) 
[xe] = {ye NH: ary} 
= {ye NH:yeaxtNH} 
= «+NH. 


(2) Obvious. 


Definition 3.7. Let NQ/NH be the collection of all equivalence classes of « € NH 
determined by 7. For [2], [y] € NQ/NH, we define the set [z]@[y] as 


(3.3) [x]6[y] = {[z] : 2 € ety}. 


Theorem 3.8. (NQ/NH, 6) is a neutrosophic quadruple canonical hypergroup. 


Proof. Same as the classical case and so omitted. 
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Theorem 3.9. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup and 
let NH be a normal neutrosophic quadruple subcanonical hypergroup of NQ. Then, 
for any x,y © NH, the following are equivalent: 

(1) ce y+NH, 

(2) ya C NH, 

(3) (yin) NH #2 


Proof. Same as the classical case and so omitted. 


Theorem 3.10. Let 6: NQ; > NQ»2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple canonical hypergroups. Then 

(1) Kerd is not a neutrosophic quadruple subcanonical hypergroup of NQ:, 

(2) Imé is a neutrosophic quadruple subcanonical hypergroup of NQo. 


Proof. (1) Since it is not possible to have ¢((0, T, 0,0)) = o((0,0,0,0)), A((0, 0, Z, 0)) 

$((0,0,0,0)) and 4((0, 0,0, F’)) = 4((0,0,0,0)), it follows that (0, 7,0, 0), (0, 0, 7, 0) 

and (0,0,0, F’) cannot be in the kernel of ¢. Consequently, Kerd cannot be a neu- 

trosophic quadruple subcanonical hypergroup of NQ}. 
(2) Obvious. 


I 


Remark 3.11. If ¢: NQ, — NQz is a neutrosophic quadruple strong homomor- 
phism of neutrosophic quadruple canonical hypergroups, then Ker@ is a subcanon- 
ical hypergroup of NQ,. 


Theorem 3.12. Let 6: NQ; — NQ2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple canonical hypergroups. Then 

(1) NQi/Keré is not a neutrosophic quadruple canonical hypergroup, 

(2) NQi/Ker@ is a canonical hypergroup. 


Theorem 3.13. Let NH be a neutrosophic quadruple subcanonical hypergroup of 
the neutrosophic quadruple canonical hypergroup (NQ,+). Then the mapping ¢ : 
NQ > NQ/NH defined by ¢(x) = x+NH is not a neutrosophic quadruple strong 
homomorphism. 


Remark 3.14. Isomorphism theorems do not hold in the class of neutrosophic 
quadruple canonical hypergroups. 


Lemma 3.15. Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic 
quadruple hyperring (NQ,+, x). Then 

(1) -NJ=NJ, 

(2) ciNJ=NJ, for allxe NJ, 

(3) e<xNJ=NJ, for alla e NJ. 


Theorem 3.16. Let NJ and NK be neutrosophic quadruple hyperideals of a neu- 
trosophic quadruple hyperring (NQ,+, x). Then 

(1) NJN NK is a neutrosophic quadruple hyperideal of NQ, 

(2) NJ x NK is a neutrosophic quadruple hyperideal of NQ, 

(3) NJ+NK is a neutrosophic quadruple hyperideal of NQ. 


Theorem 3.17. Let NJ be a normal neutrosophic quadruple hyperideal of a neu- 
trosophic quadruple hyperring (NQ,+, x). Then 
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(1) (ct NJ)F(ytNJ) = (cty)4NJ, for all zy € NJ, 
(2) (ct+NJ)X(ytNJ) = (axxy)4QNJ, for all z,ye NJ, 
(3) ctNJ =y4NJ, for ally CatNJ. 


Theorem 3.18. Let NJ and NK be neutrosophic quadruple hyperideals of a neu- 
trosophic quadruple hyperring (NQ,+, x) such that NJ is normal in NQ. Then 
(1) NJN NK is normal in NJ, 
(2) NJ+NK is normal in NQ, 
(3) NJ is normal in NJ+NK. 


Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic quadruple 
hyperring (NQ,+, x). For all x € NQ, the set NQ/NJ is defined as 


(3.4) NQ/NJ = {xt+NJ: 2 € NQ}. 

For [2], [y] € NQ/NJ, we define the hyperoperations 6 and ® on NQ/NJ as follows: 
(3.5) [z]S[y] = {[2] : 2 € ety}, 

(3.6) [x][y] = {[2] : z € xy}. 


It can easily be shown that (NQ/NH, ©, ®) is a neutrosophic quadruple hyperring. 


Theorem 3.19. Let 6: NQ — NR be a neutrosophic quadruple strong homomor- 
phism of neutrosophic quadruple hyperrings and let NJ be a neutrosophic quadruple 
hyperideal of NQ. Then 
(1) Kerd is not a neutrosophic quadruple hyperideal of NQ, 
2) Imé¢ is a neutrosophic quadruple hyperideal of NR, 
3) NQ/Keré is not a neutrosophic quadruple hyperring, 
4) NQ/Im¢@ is a neutrosophic quadruple hyperring, 
5) The mapping »: NQ > NQ/NJ defined by W(x) =a+N J, for all x € NQ 


is not a neutrosophic quadruple strong homomorphism. 


Remark 3.20. The classical isomorphism theorems of hyperrings do not hold in 
neutrosophic quadruple hyperrings. 


4. CONCLUSION 


We have developed neutrosophic quadruple algebraic hyperstrutures in this pa- 
per. In particular, we have developed new neutrosophic algebraic hyperstructures 
namely neutrosophic quadruple semihypergroups, neutrosophic quadruple canonical 
hypergroups and neutrosophic quadruple hyperrings. We have presented elementary 
properties which characterize the new neutrosophic algebraic hyperstructures. 
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